We introduce a protocol capable of generating a general measurement operator for a mechanical resonator. The technique requires a qubit-resonator interaction and uses a coherent pulse to drive qubit transitions. This is followed by projective measurement of the qubit's energy, constraining the resonator in a state that depends on the pulse shape. The freedom to choose a pulse shape for the coherent drive enables an arbitrary position-basis measurement operator. Using this measurement operator, we outline a two pulse protocol that probabilistically generates a pure mechanical state with a desired wavefunction, with near unit fidelity for realizable parameters.
Introduction -Quantum mechanics is an incredibly successful theory at predicting the dynamics of microscopic systems. However, in our macroscopic world we do not perceive and quantum behavior begging the question -how large an object can be put in an exotic quantum state? Advances in technology have enabled observation of quantum effects in mechanical oscillators with macroscopic numbers of constituent particles [1] . State of the art opto and electromechanical devices implement a rich variety of designs, and allow coupling between qubits, fields and mechanical motion [2] [3] [4] [5] [6] , paving the way for strong coupling, and investigating quantum effects in mechanical systems [7] [8] [9] [10] [11] [12] . In particular, experimental results have demonstrated ground state cooling [13] , squeezing [14] , entanglement [15, 16] , and coherent control [17, 18] , all with the motional state of a mechanically compliment element.
Mechanical oscillators are ideal systems to probe quantum mechanics at ever larger mass scales, potentially testing macro realism [19] , the superposition principle [20, 21] , and modifications to quantum mechanics [22] [23] [24] [25] . Similar mesoscopic resonators are also strong candidates for quantum information applications such as error corrected quantum memories [26] [27] [28] [29] , microwave-tooptical photon conversion [30] , and quantum meteorology [31] [32] [33] [34] . Many of these applications require exotic quantum states for optimal operation, and while there are some existing proposals for generating quantum states of mechanical oscillators [35, 36] , universal wavefunction shaping, and state generation has remained absent.
In this work we introduce a protocol capable of realizing an arbitrary quantum state via wavefunction shaping requiring only classical drive and projective qubit measurement. We begin by introducing a weak quantum measurement procedure [37] to constrain the position probability distribution of a mechanical oscillator, and show arbitrary constraints are realizable. We then derive the required conditions for the constrained probability to result in an arbitrary wavefunction, and outline a two-step measurement protocol capable of achieving this. Finally we discuss realistic parameters demonstrating dissipative evolution can be safely neglected with experimentally feasible devices.
Model -Our model consists of a qubit coupled to a mechanical oscillator with resonance frequency ω m . The coupling arises from a displacement-dependent qubit frequency, ω q (X). The system Hamiltonian is
where b is the mechanical annihilation operator, √ 2X = b + b † is the dimensionless position operator and σ z is the Pauli-z operator. For small displacements, the interaction is simplified by considering the frequency dependence to be well approximated by a perturbation ω q (X)σ z ≈ ω 0 q σ z + 2λ 0 Xσ z , where 2λ 0 = dωq dX . This linearized interaction is well studied and has been observed both in the optical and microwave domains [5, 6, 19, 20, [38] [39] [40] . In addition to the qubit-oscillator coupling we consider coherently driving the qubit with a time dependent pulse α(t).
Moving into the interaction picture with
where σ -(σ + ) is the standard two level lowering (raising) operator, and the carrier frequency of α(t) is taken to be on resonance with the mean qubit frequency ω 0 q (zero detuning). Note this is a non-linear Hamiltonian as the Pauli z operator is itself quadratic in the two level raising and lowering operators. The architecture considered in Ref. [20] , shows strong coupling in this Hamiltonian is achievable with current technology, and also describes how to dynamically toggle λ 0 on and off. For the moment we assume unitary evolution, and validate this approximation in subsequent sections.
The interaction Hamiltonian, Eq. (1), generates the following equations of motion,
where c e(g) (x, t) is the probability amplitude of finding the qubit in the excited (ground) state, and the oscillator at position x at time t. If the qubit is measured and found to be in the excited state, the conditional state of the mechanical oscillator is |ψ(t) ∼ c e (x, t) |x dx, where ∼ denotes the fact that the right hand side is unnormalised. The unnormalized wavefunction is unsurprising as it is the remaining state after a projective measurement. Such a measurement constrains the state of the oscillator, only allowing components compatible with the qubit being in the excited state. The post-measurement wavefunction of the mechanical resonator is therefore proportional to c e (x, t), and herein lies the key to the protocol: different drive amplitudes α(t) can be used to engineer different wavefunctions of the mechanical resonator. This scheme builds on previous work using a measurement as a tool for state preparation [41] [42] [43] There are existing proposals to generate exotic quantum states of motion using similar devices. However these proposals require one to first generate a quantum state of the electromagnetic field [44] , require a different interaction Hamiltonian [35, 45, 46] , or both [47] [48] [49] . In the current scheme α(t) is entirely classical negating the requirement quantum state engineering of the microwave field. Instead this proposal relies on the interference generated by the non-linear Hamiltonian, and projective measurement to generate an arbitrary motional state.
We consider a measurement protocol as outlined in Fig. 1 . The qubit is initialized in the ground state at t = 0 with the qubit-oscillator interaction switched off. The interaction is then switched on and remains constant over the duration of the drive pulse α(t). On the competition of the drive pulse, the qubit-oscillator interaction is again switched off, and a projective σ z measurement is made. The protocol lasts for a fixed duration τ , understood to be the duration of the pulse α(t). This is the typical formulation of weak measurement, with the qubit as the measurement device [37, 50] . The measurement procedure is described by the nonunitary measurement operator,
where T denotes temporal ordering. As the operator is diagonal in X, it is easily solved when resolved in the position basis, Υ e (X) = dxΥ e (x) |x x|. Solving Eqs. (2) is of interest and we shall drop the subscript e with the convention that Υ refers to conditioning on the excited state.
Arbitrary measurement operator -To understand how the time dependent drive changes the oscillator's wavefunction, it is helpful to first consider time independent drive, α(t) = α 0 . In this case the ODE's, Eqs. (2), are analytically solvable and result in Rabi oscillations of the qubit with an effective detuning ∆ eff = λ 0 X. Different X eigenstates in superposition result in a superposition of effective detunings and Rabi frequencies.
In the following we will restrict the pulse to have unsigned area π/2. For the constant drive this corresponds a π-pulse, α 0 τ = π/2, with a generalized π-like pulse requiring dt|α(t)| = π/2. At the completion of the π-pulse, at time τ = π/(2α 0 ), the measurement operator is given by the Rabi amplitude which may be written as
The sinc function arises via rewriting the Rabi amplitude, α 0 sin(Ωt)/Ω = α 0 t sinc(Ωt) with Rabi frequency
Curiously, a sinc function is the Fourier transform of the driving amplitude α(t) (here a top-hat function) with the time-frequency relation clarified by considering Υ a function of λ 0 X. With this Fourier transform relation in mind, we postulate the following:
The functional form of the measurement operator Υ(x) is well approximated a Fourier transform of the drive amplitude α(t).
There is no general solution to Eqs. (2) for arbitrary drive α(t) hence this statement remains a conjecture. Clearly this postulate is not exact as an approximation was made in Eq. (4) to obtain sinc(x), however as we shall see, the approximation works remarkably well. It is a very strange relation that the c e solution of Eqs. for the previously given initial conditions, and requires the π-like pulse normalization.
For a general pulse shape α(t), the measurement operator may be solved numerically at discrete values of x. Unfortunately this numerical solution does not give any technical insight as to why the conjecture seems to work. Generation of any target measurement operator is now realised via Fourier transforming the measurement operator to find the required pulse shape. For technical reason we introduce a dimensionless scaling parameter χ, of order unity, to scale the bandwidth of the drive, α(t) → α(χt). The scaling χ is readily understood in the Fourier transform, changing the characteristic width of the measurement operator (e.g. the factor of π/2 in Eq. (4)) and is unique for each target operator. The drive amplitude required to realize a target (superscript
with the proportionality constant set to ensure an unsigned pulse area of π/2. The realised (superscript R) measurement operator Υ R , is obtained by solving Eqs. (2) given α(χt), and χ is fixed by maximizing the fidelity between Υ R and Υ T . The choice of Υ T is arbitrary, hence any measurement operator (diagonal in the position basis) can be constructed with deterministic parameters. For example the quadratic measurement operator of Ref. [41] , 
can be constructed with a deterministically chosenx. Whilex is deterministic, the protocol is still probabilistic as it requires post-selection on finding the qubit in the excited state. Figure 2 (ad) plots the fidelity between the (analytically defined) target, and the (numerically obtained) realised measurement operators. For each plot Eq. (5) is used to find the required drive pulse, which is then used in Eqs. 2 to numerically solve for the realised measurement operator Υ R . The protocol works for complex measurement operators, Fig. 2 (b-c) , and even for first order discontinuities in the wavefunction, Fig. 2 (c) . The numerical solution exactly matches the analytical solution of Eq. (4), Fig. 2 (e) , suggesting negligible numerical error. The effect of the scaling parameter χ is shown in Fig. 2 (f) for a two lobed measurement operator -scaling the width of the realized function Υ R (x) -which is expected given the Fourier relationship between χ and x from Eq. (5) .
In this section we have shown how to generate an arbitrary shaped position basis measurement operator, but have not discussed the probabilities of obtaining a successful outcome, or the purity of the final state. Furthermore, while the Υ's shown in Fig. 2 are written as wavefunctions, the measurement operator is diagonal in X and hence cannot be understood as an arbitrary projector [52] . In the following section we will address these points and show under what conditions Υ results in a target quantum state.
Arbitrary quantum states -For generating an arbitrary quantum state we consider a two step preparation procedure (see Fig. 3 ) similar to Ref. [51] . The initial state is assumed to be a thermal state with occupationn. The first step applies a Gaussian measurement operator Υ 1 ∝ exp(−X 2 s 2 /4), squeezing the position quadrature (for s > 1). This first step constrains the state of the oscillator, reducing it's entropy [20, 53] . After a quarter period of free mechanical evolution, the state is squeezed in the momentum quadrature,
, where R is the rotation operator.
This momentum squeezed state is taken to be the initial state for the second step, where a second measurement operator is chosen to be proportional to the desired wavefunction Υ 2 (x) ∝ ψ(x). The final state after conditioning on both measurements is ρ(τ ) ∼ Υ 2 ρ s Υ † 2 . Not only does this second measurement operator give the desired position basis wavefunction, it also further purifies the state. The fidelity between the desired and conditional quantum states is given by
where we may approximate Υ 2 (x) ∝ ψ(x ) up to ≈ 0.98 fidelity (see Fig. 2 and Fig. 3 (f) , and note the normalization of Υ 2 factors out of F 2 ). In the case of strong squeezing s 2 >n, the matrix elements define a broad Gaussian, centered at x = x = 0 [54] . If the variance of this Gaussian is large compared to the spatial extent of the wavefunction, then x | ρ s |x ≈ 0| ρ s |0 remains approximately constant in the integral over the wavefunction. Under this approximation, the state dependence factors out of the fidelity,
and the target wavefunction can be achieved with near unity Fidelity. Fig. 3 (e) shows the expected fidelity (left axis), taking into account both the Gaussian nature of the initial state and the sub-unity fidelity between the target and realized wavefunctions. As the squeezing parameter increases beyond the initial thermal occupation, the near unit fidelity predicted by Eq. (7) is observed. Increasing the squeezing parameter increases the fidelity at the cost of lowering the probability of obtaining the desired measurement operator Υ (as opposed to the complementary operator Υ g ). The increased fidelity is a consequence of a broader Gaussian in the position basis, and therefore the curvature of the Gaussian becoming less significant over the width of the wavefunction.
However, the probability of obtaining Υ is Tr[Υ † Υρ(0)], which is exactly the overlap between |Υ(x)| 2 , and the position basis probability distribution. The broader Gaussian results is a lower overlap integral, and thus reduces the probability of success, plotted on the right axis of Fig 3 (e) .
As previously noted, the measurement operator is diagonal in the position basis, hence this form of state preparation should be understood as wavefunction shaping as opposed to von Neumann measurement. For example it cannot be understood as a Fock state projector |n n|, but rather constrains the position basis probability to be that of a number state. As a pure state is uniquely identified by it's wavefunction this implies the resulting state must be a Fock state.
Non-unitarity -Non-unitary effects such as qubit dephasing and mechanical thermalization have been neglected without sufficient justification. In the following we show that the entire protocol may be done within the coherence time of the qubit-oscillator system. We take the experimentally accessible parameters given in Ref. [20] : ω m /2π = 125 MHz, λ 0 /2π = 8.5 MHz, qubit dephasing time T 2 = 2 µs, and mechanical quality factor Q = 10 5 , with the system in equilibrium at 33 mK, n = 5.
For these parameters the mechanical coherence time is 100 µs, hence the system is limited by the qubit's T 2 lifetime. If the pulse duration is less than 200 ns, the system is well approximated as unitary. Note the pulse is a Fourier transform of the desired wavefunction, hence the reciprocal scaling of the Fourier transform can be used to estimate the pulse duration for any target wavefunction. Ground state (or number state) conditioning require features in the spectrum of X on the order of unity, which in reciprocal spare requires χλ 0 t ≈ 1 (see Eq. (5) and recall χ is of order unity). Hence the characteristic width of the pulse is 2πλ −1 0 ≈ 11 ns, well within the coherence time of the qubit. This also gives the general condition for unitarity, λ 0 2π/T 2 ,nω m /Q, which is simply the condition for strong coupling.
When the coherence time is constrained by the qubit's lifetime, several coherent measurement operators may be realized within the resonator's coherence time. For example two Gaussian measurement operators of width s −2 can be applied resulting in an effective single Gaussian operator of width s −2 / √ 2. The scaling is unfavorable for repeated Gaussian pulses, however each measurement may be applied to orthogonal quadratures enabling fast cooling [53] . The gray curves in Fig. 3 (e) use this two step orthogonal quadrature cooling before the state conditioning measurement. This results in a significantly larger fidelity, attributable to better state purification, however this comes at the price of lowering success probability.
Resolving sub-ground state features, such as projecting onto large momentum cat states [55] , requires pro-portionally longer pulse durations. However, note that momentum and position quadrature wavefunctions form Fourier transform pairs. With this in mind, one can generate sub-ground state features in the momentum quadrature requiring only ground state features in the position quadrature (e.g. see the position cat state in Fig. 2(b) -cat states have sub-ground state features in their wavefunction [41, 56] ). In this way, any desired wavefunction can be conditioned to the extent that it has support in the initial thermal state.
Summary -We have introduced a method to generate an arbitrary position basis measurement operator in a coupled qubit-mechanical system. Although the equations of motion do not have an analytic solution, we have shown that a numerical procedure can generate the drive pulse required to realise any target measurement operator with 0.98 fidelity. The protocol requires parameters well into the strong coupling regime, and can be achieved in principle by combining state of the art qubits [? ? ] and resonators [57] . Realizing a general position basis measurement operator enables full quantum state tomography via standard techniques [58] [59] [60] .
Using a two step measurement procedure, we showed how to construct an arbitrary quantum state with 0.95 fidelity from an initial thermal state. The first step required partial purification of the Gaussian state, and the second involved projecting the desired wavefuncion, enabling generation of an arbitrary wavefunction of the mechanical oscillator. Such a scheme naturally generalizes to a multi-step purification/generation protocol. The general technique relies on the non-linear Hamiltonian negating the requirement for quantum control of the microwave field. The prepared quantum state can be used as a resource [61] which can be swapped into the microwave field [44] and used for quantum information tasks.
